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ON COCYCLE SUPERRIGIDITY FOR GAUSSIAN ACTIONS
JESSE PETERSON AND THOMAS SINCLAIR
Abstract. We present a general setting to investigate Ufin-cocycle superrigid-
ity for Gaussian actions in terms of closable derivations on von Neumann al-
gebras. In this setting we give new proofs to some Ufin-cocycle superrigidity
results of S. Popa and we produce new examples of this phenomenon. We
also use a result of K. R. Parthasarathy and K. Schmidt to give a necessary
cohomological condition on a group representation in order for the resulting
Gaussian action to be Ufin-cocycle superrigid.
Introduction
A central motivating problem in the theory of measure-preserving actions of
countable groups on probability spaces is to classify certain actions up to orbit
equivalence, i.e., isomorphism of the underlying probability spaces such that the
orbits of one group are carried onto the orbits of the other. When the groups are
amenable this problem was completely settled in the early ’80s (cf. [13, 14, 21, 9]):
all free ergodic actions of countable, discrete, amenable groups are orbit equivalent.
The nonamenable case, however, is much more complex and has recently seen a
flourish of activity including a number of striking results. We direct the reader to
the survey articles [37, 47] for a summary of these recent developments.
One breakthrough which we highlight here is Popa’s use of his deformation/rigidity
techniques in von Neumann algebras to produce rigidity results for orbit equivalence
(cf. [31, 33, 34, 35, 36, 38, 39]). One of the seminal results using these techniques
is Popa’s Cocycle Superrigidity Theorem [36, 38] (see also [17] and [48] for more on
this) which obtains orbit equivalence superrigidity results by means of untwisting
cocycles into a finite von Neumann algebra. In order to state this result we recall
a few notions regarding groups.
A subgroup Γ0 < Γ is w-normal if there is a chain of subgroups Γ0 = Γ1 <
Γ2 < · · · < Γβ = Γ for some ordinal β such that (
⋃
α′<α Γα′)⊳ Γα for all α ≤ β. A
group Γ is w-rigid if there exists an infinite w-normal subgroup Γ0 such that the
pair (Γ,Γ0) has relative property (T). If U is a class of Polish groups then a free,
ergodic, measure-preserving action of a countable discrete group Γ on a standard
probability space (X,µ) is said to be U-cocycle superrigid if any cocycle for the
action Γ y (X,µ) which is valued in a group contained in the class U must be
cohomologous to a homomorphism. Ufin is used to denote the class of Polish groups
which arise as closed subgroups of the unitary groups of II1 factors. In particular,
the class of compact Polish groups and the class of countable discrete groups are
both contained in Ufin. The notions of w-normality, w-rigidity, and the class Ufin
The first author’s research is partially supported by NSF Grant 0901510 and a grant from the
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are due to Popa (cf. [33, 36]).
Popa’s Cocycle Superrigidity Theorem ([36], [38]) (for Bernoulli shift actions).
Let Γ be a group which is either w-rigid or contains a w-normal subgroup which is
the direct product of an infinite group and a nonamenable group, and let (X0, µ0)
be a standard probability space. Then the Bernoulli shift action Γy Πg∈Γ(X0, µ0)
is Ufin-cocycle superrigid.
The proof of this theorem uses a combination of deformation/rigidity and inter-
twining techniques that were initiated in [32]. Roughly, if we are given a cocycle
into a unitary group of a II1 factor, we may consider the “twisted” group algebra
sitting inside of the group-measure space construction. The existence of rigidity
can then be contrasted against natural malleable deformations from the Bernoulli
shift in order to locate the “twisted” algebra inside of the group-measure space
construction. Locating the “twisted” algebra allows us to “untwist” it, and, in so
doing, untwist the cocycle in the process.
The existence of such s-malleable deformations (introduced by Popa in [34, 35])
actually occurs in a broader setting than the (generalized) Bernoulli shifts with
diffuse core, but it was Furman [17] who first noticed that the even larger class
of Gaussian actions are also s-malleable. The class of Gaussian actions has a rich
structure, owing to the fact the every Gaussian action of a group Γ arises functorially
from an orthogonal representation of Γ. The interplay between the representation
theory and the ergodic theory of a group via the Gaussian action has been fruitfully
exploited in the literature (cf. the seminal works of Connes & Weiss and of Schmidt,
[10, 45, 46], inter alios).
In this paper, we will explore Ufin-cocycle superrigidity within the class of Gauss-
ian actions. An advantage to our approach is that we develop a general framework
for investigating cocycle superrigidity of such actions by using derivations on von
Neumann algebras. The first theme we take up is the relation between the coho-
mology of group representations and the cohomology of their respective Gaussian
actions. Under general assumptions, we show that cohomological information com-
ing from the representation can be faithfully transferred to the cohomology group
of the action with coefficients in the circle group T. As a consequence, we obtain
our first result, that the cohomology of the representation provides an obstruction
to the Ufin-cocycle superrigidity of the associated Gaussian action.
Theorem 0.1. Let Γ be a countable discrete group and π : Γ→ O(K) a weakly mix-
ing orthogonal representation. A necessary condition for the corresponding Gauss-
ian action to be {T}-cocycle superrigid is for H1(Γ, π) = {0}.
The Bernoulli shift action of a group is precisely the Gaussian action correspond-
ing to the left-regular representation, and the circle group T is contained in the class
Ufin. When combined with Corollary 2.4 in [29] which states that for a nonamenable
group vanishing of the first ℓ2-Betti number is equivalent to H1(Γ, λ) = {0} we ob-
tain the following corollary.
Corollary 0.2. Let Γ be a countable discrete group. If β
(2)
1 (Γ) 6= 0 then the
Bernoulli shift action is not Ufin-cocycle superrigid.
The second theme explored is the deformation/derivation duality developed by
the first author in [27]. The flexibility inherent at the infinitesimal level allows us
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to offer a unified treatment of Popa’s theorem in the case of generalized Bernoulli
actions and expand the class of groups whose Bernoulli actions are known to be
Ufin-cocycle superrigid. As a partial converse to the above results, we have that
an a priori stronger property than having β
(2)
1 (Γ) = 0, L
2-rigidity (see Definition
1.12), is sufficient to guarantee Ufin-cocycle superrigidity of the Bernoulli shift.
Theorem 0.3. Let Γ be a countable discrete group. If LΓ is L2-rigid then the
Bernoulli shift action of Γ is Ufin-cocycle superrigid.
Examples of groups for which this holds are groups which contain an infinite
normal subgroup which has relative property (T) or is the direct product of an
infinite group and a nonamenable group, recovering Popa’s Cocycle Superrigidity
Theorem for Bernoulli actions of these groups.
We also obtain new groups for which Popa’s theorem holds. For example, we
show that the theorem holds for any generalized wreath product A0 ≀X Γ0, where A0
is a non-trivial abelian group and Γ0 does not have the Haagerup property. Also,
if LΛ is nonamenable and has property (Γ) of Murray and von Neumann [20] then
the theorem also holds for Λ.
We remark that it is still an open question whether vanishing of the first ℓ2-Betti
number characterizes groups whose Bernoulli actions are Ufin-cocycle superrigid.
For instance, it is still unknown for the group Z ≀ F2, which contains an infinite
normal abelian subgroup and hence has vanishing first ℓ2-Betti number by [5].
The authors would like to thank Sorin Popa for useful discussions regarding this
work.
1. Preliminaries
We begin by reviewing of the basic notions of Gaussian actions, cohomology of
representations and actions, and closable derivations. Though our treatment of
the last two topics is standard, our approach to Gaussian actions is somewhat non-
standard, where we take a more operator-algebraic approach by viewing the algebra
of bounded functions on the probability space as a von Neumann algebra acting
on a symmetric Fock space. In the noncommutative setting of free probability this
is the same as Voiculescu’s approach in [49]. But first, let us recall a few basic
definitions and concepts which constitute the basic language in which this paper is
written. Throughout, all Hilbert spaces are assumed to be separable.
Definition 1.1. Let π : Γ→ U(H) be a unitary representation, and denote by πop
the associated contragradient representation on the contragradient Hilbert space
Hop of H. We say that π:
(1) is ergodic if π has no non-zero invariant vectors;
(2) is weakly mixing if π⊗ πop is ergodic (equivalently, π⊗ ρop is ergodic for
any unitary Γ-representation ρ);
(3) is mixing if 〈πγ(ξ), η〉 → 0 as γ →∞, for all ξ, η ∈ H;
(4) has spectral gap if there exists K ⊂ G, finite, and C > 0 such that
‖ξ−P (ξ)‖ ≤ C∑k∈K ‖πk(ξ)− ξ‖, for all ξ ∈ H, where P is the projection
onto the invariant vectors;
(5) has stable spectral gap if π⊗ πop has spectral gap (equivalently, π⊗ ρop
has spectral gap for any unitary Γ-representation ρ);
(6) is amenable if π is either not weakly mixing or does not have stable spectral
gap.
4 JESSE PETERSON AND THOMAS SINCLAIR
Note that for an orthogonal representation π of Γ into a real Hilbert space K,
the associated unitary representation into K ⊗ C is canonically isomorphic to its
contragradient. Hence, in this situation we may replace in the above definition
“π ⊗ πop” and “π ⊗ ρop” with “π ⊗ π” and “π ⊗ ρ”, respectively.
Let Γyσ (X,µ) be an action of the countable discrete group Γ by µ-preserving
automorphisms of a standard probability space (X,µ). This yields a unitary repre-
sentation πσ : Γ→ U(L20(X,µ)) called the Koopman representation associated
to σ. (Here L20(X,µ) denotes the orthogonal complement in L
2(X,µ) to the sub-
space of the constant functions on X .) Note that the Koopman representation is
the unitary representation associated to the orthogonal representation of Γ acting
on the real-valued L2-functions. We say that the action σ is ergodic (or weakly
mixing, mixing, etc.) if the Koopman representation πσ is in the sense of the above
definition. An action Γ yσ (X,µ) is (essentially) free if, for all γ ∈ Γ, γ 6= e,
µ{x ∈ X : σγ(x) = x} = 0.
Given unitary representations π : Γ → U(H) and ρ : Γ → U(K), we say that π
is contained in ρ if there is a linear isometry V : H → K such that πγ = V ∗ργV ,
for all γ ∈ Γ. We say that π is weakly contained ρ if for any ξ, η ∈ H, there
are ξ′n, η
′
n ∈ K such that 〈πγ(ξ), η〉 = Σn∈N〈ργ(ξ′n), η′n〉, for all γ ∈ Γ. Note that
amenability of a representation π is equivalent to π⊗πop weakly containing the triv-
ial representation, which is equivalent with Bekka’s definition by Theorem 5.1 in [1].
The “representation theory” of a II1 factor is captured in the structure of its
bimodules, also called correspondences (cf. [30]). The theory of correspondences
was first developed by A. Connes [8].
Definition 1.2. Let M be a II1 factor. An M-M Hilbert bimodule is a Hilbert
space H equipped with a representation π : M ⊗alg Mop → B(H) which is normal
when restricted to M and Mop. We write π(x⊗ yop)ξ as xξy.
An M -M Hilbert bimodule H is contained in an M -M Hilbert bimodule K if
there is a linear isometry V : H → K such that V (xξy) = xV (ξ)y, for all ξ ∈ H,
x, y ∈ M ; H is weakly contained in K if for any ξ, η ∈ H, F ⊂ M finite, there
exist ξ′n, η
′
n ∈ K such that 〈xξy, η〉 = Σn∈N〈xξ′ny, η′n〉, for all x, y ∈ F . The trivial
bimodule is the space L2(M, τ) with the obvious bimodule structure induced by
left and right multiplication; the coarse bimodule is the space L2(M, τ)⊗L2(M, τ)
with bimodule structure induced by left multiplication on the first factor and right
multiplication on the second. The trivial and coarse bimodules play analogous roles
in the theory of M -M Hilbert bimodules to the roles played, respectively, by the
trivial and left-regular representations in the theory of unitary representations of
locally-compact groups. Note that an M -M correspondence H contains the trivial
correspondence if and only if H has non-zero M -central vectors (a vector ξ is M -
central if xξ = ξx, for all x ∈M).
Given ξ, η ∈ H, note the maps M ∋ x 7→ 〈xξ, η〉, 〈ξx, η〉 are normal linear
functionals on M . A vector ξ ∈ H is called left (respectively, right) bounded
if there exists C > 0 such that for every x ∈ M , ‖xξ‖ ≤ C‖x‖2, (resp., ‖ξx‖ ≤
C‖x‖2). The set of vectors which are both left and right-bounded forms a dense
subspace of H. By [30], to ξ, a left-bounded vector, we can associate a completely-
positive map φξ : M → M such that for all x, y ∈ M , ‖xξy‖ = τ(x∗xφξ(yy∗))1/2.
If ξ is also right-bounded then this map is seen to naturally extend to a bounded
operator φˆξ : L
2(M, τ)→ L2(M, τ).
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Given two M -M Hilbert bimodules H and K, there is a well-defined tensor
product H⊗M K in the category of M -M Hilbert bimodules: see [30] for details.
Definition 1.3 (Compare with Definition 1.1.). Let H be anM -M Hilbert bimod-
ule. H is said to:
(1) be weakly mixing if H⊗M Hop does not contain the trivial M -M Hilbert
bimodule;
(2) be compact (or mixing) if for every sequence ui ∈ U(M) such that
ui → 0, weakly, we have that
lim
i→∞
sup
‖x‖≤1
〈uiξx, η〉 = lim
i→∞
sup
‖x‖≤1
〈xξui, η〉 = 0,
for all ξ, η ∈ H (equivalently, φˆξ is a compact operator on L2(M, τ) for
every left-bounded vector ξ ∈ H);
(3) have spectral gap if there exist x1, . . . , xn ∈ M such that ‖ξ − P (ξ)‖ ≤∑n
i=1 ‖xiξ − ξxi‖, for all ξ ∈ H, where P is the projection onto the central
vectors;
(4) have stable spectral gap if H⊗M Hop has spectral gap;
(5) be amenable if it is either not weakly mixing or does not have stable
spectral gap.
If H is a compactM -correspondence and K an arbitaryM -correspondence, then
H⊗M K (and also K⊗M H) is compact, since φˆξ⊗Mη = φˆη ◦ φˆξ if ξ and η are both
left and right-bounded.
Let H and K be M -M correspondences, and denote by H0 and K0 the set of
right-bounded vectors in H and K, respectively. For ξ, η ∈ H0, denote by (ξ|η) the
element of M such that 〈ξx, ηy〉 = τ(y∗(ξ|η)x), for all x, y ∈ X (by normality of
the map xy∗ 7→ 〈ξxy∗, η〉, there exists such a (ξ|η) ∈ L1(M, τ); right-boundedness
of ξ and η implies (ξ|η) ∈M). It is clear that (·|·) is a bilinear map H0×H0 →M
such that (ξ|ξ) ≥ 0 and (ξ|ξ) = 0 if and only if ξ = 0, for all ξ ∈ H0. For ξ ∈ H0
and η ∈ K0, define the linear map Tξ,η : H0 → Kop0 by Tξ,η(·) = (·|ξ)ηop. It is easy
to check that Tξ,η is a bounded with ‖Tξ,η‖ = ‖ξ‖−1/2‖(ξ|ξ)η‖; hence, Tξ,η extends
to a bounded operator H → Kop. Let L2M (H,K) be the subspace of B(H,Kop)
which is the closed span of all operators of the form Tξ,η under the Hilbert norm
‖Tξ,η‖L2
M
= τ((ξ|ξ)(η|η))1/2 . Moreover, L2M (H,K) is equipped with a natural M -
M Hilbert bimodule structure given by (x⊗ yop)(Tξ,η) = Txξ,yη identifying it with
H⊗M Kop. Note that if T ∈ L2M (H,K), then (T ∗T )1/2 ∈ L2M (H,H).
Proposition 1.4. An M -M correspondence H is weakly mixing if and only if for
anyM -M correspondenceK, H⊗MKop does not contain the trivial correspondence.
Proof. The reverse implication is trivial. Conversely, suppose there exists K such
that H⊗Kop contains an M -central vector. Identifying H⊗M Kop with L2M (H,K),
let T ∈ L2M (H,K) be an M -central vector. Then (T ∗T )1/2 ∈ L2M (H,H) is an
M -central vector; hence, H is not weakly mixing. 
1.1. Gaussian actions. Let π : Γ → O(H) be an orthogonal representation of a
countable discrete group Γ. The aim of this section is to describe the construction
of a measure-preserving action of Γ on a non-atomic standard probability space
(X,µ) such that H is realized as a subspace of L2
R
(X,µ) and π is contained in
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the Koopman representation Γ y L20(X,µ). The action Γ y (X,µ) is referred to
as the Gaussian action associated to π. We give an operator-algebraic alterna-
tive construction of the Gaussian action similar to Voiculescu’s construction of free
semi-circular random variables.
Given a real Hilbert space H, the n-symmetric tensor H⊙n is the subspace of
H⊗n fixed by the action of the symmetric group Sn by permuting the indices. For
ξ1, . . . , ξn ∈ H, we define their symmetric tensor product ξ1⊙ · · ·⊙ ξn ∈ H⊙n to be
1
n!
∑
σ∈Sn ξσ(1) ⊗ · · · ⊗ ξσ(n). Denote
S(H) = CΩ⊕
∞⊕
n=1
(H⊗ C)⊙n,
with renormalized inner product such that ‖ξ‖2
S(H) = n!‖ξ‖2, for ξ ∈ H⊙n.
For ξ ∈ H let xξ be the symmetric creation operator,
xξ(Ω) = ξ, xξ(η1 ⊙ · · · ⊙ ηk) = ξ ⊙ η1 ⊙ · · · ⊙ ηk,
and its adjoint, ∂∂ξ = (xξ)
∗
∂
∂ξ
(Ω) = 0,
∂
∂ξ
(η1 ⊙ · · · ⊙ ηk) =
k∑
i=1
〈ξ, ηi〉η1 ⊙ · · · ⊙ η̂i ⊙ · · · ⊙ ηk.
Let
s(ξ) =
1
2
(xξ +
∂
∂ξ
),
and note that it is an unbounded, self-adjoint operator on S(H).
The moment generating function M(t) for the Gaussian distribution is de-
fined to be
M(t) =
1√
2π
∫ ∞
−∞
exp(tx) exp(−x2/2)dx = exp(t2/2).
It is easy to check that if ‖ξ‖ = 1 then
〈s(ξ)n Ω,Ω〉 =M (n)(0) = (2k)!
2kk!
,
if n = 2k and 0 if n is odd. Hence, s(ξ) may be regarded as a Gaussian random
variable. Note that if ξ, η ∈ H then s(ξ) and s(η) commute, moreover, if ξ ⊥ η,
then 〈s(ξ)ms(η)nΩ,Ω〉 = 0, for all m,n ∈ N; thus, s(ξ) and s(η) are independent
random variables.
From now on we will use the convention ξ1ξ2 . . . ξk to denote the symmetric
tensor ξ1 ⊙ ξ2 ⊙ · · · ⊙ ξk. Let Ξ be a basis for H and
S(Ξ) = {Ω} ∪ {s(ξ1)s(ξ2) . . . s(ξk)Ω : ξ1, ξ2, . . . , ξk ∈ Ξ}.
Lemma 1.5. The set S(Ξ) is a (non-orthonormal) basis of S(H).
Proof. We will show that ξ1 . . . ξk ∈ span(S(Ξ)), for all ξ1, . . . , ξk ∈ H. We have
Ω ∈ span(S(Ξ)). Also, since s(ξ)Ω = ξ, H ⊂ span(S(Ξ)). Now as s(ξ1) . . . s(ξk)Ω =
P (ξ1, . . . , ξk) is a polynomial in ξ1, . . . , ξk of degree k with top term ξ1 . . . ξk, the
result follows by induction on k. 
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Let u(ξ1, . . . , ξk) = exp(πis(ξ1) . . . s(ξk)) and u(ξ1, . . . , ξk)
t = exp(πits(ξ1) . . . s(ξk)).
Denote by A the von Neumann algebra generated by all such u(ξ1, . . . , ξk), which
is the same as the von Neumann algebra generated by the spectral projections of
the unbounded operators s(ξ1) . . . s(ξk).
Theorem 1.6. We have that L2(A, τ) ∼= S(H), and A is a maximal abelian ∗-
subalgebra of B(S(H)) with faithful trace τ = 〈·Ω,Ω〉. In particular, A is a diffuse
abelian von Neumann algebra.
Proof. By Lemma 1.5, A 7→ AΩ is an embedding of A into S(H). By Stone’s
Theorem
lim
t→0
u(ξ1, . . . , ξk)
t − 1
πit
Ω = s(ξ1) . . . s(ξk)Ω;
hence, AΩ is dense in S(H). This implies that A is maximal abelian in B(S(H)).

There is a natural strongly-continuous embedding O(H) →֒ U(S(H)) given by
T 7→ TS = 1⊕
∞⊕
n=1
T⊙n.
It follows that there is an embedding O(H) → Aut(A, τ), T 7→ σT , which can be
identified on the unitaries u(ξ1, . . . , ξk) by
σT (u(ξ1, . . . , ξk)) = Ad(T
S)(u(ξ1, . . . , ξk)) = u(T (ξ1), . . . , T (ξk)).
Thus for an orthogonal representation π : Γ → O(H), there is a natural ac-
tion σπ : Γ → Aut(A, τ) given by σπγ (u(ξ1, . . . , ξk)) = u(πγ(ξ1), . . . , πγ(ξk)) =
Ad(πSγ )(u(ξ1, . . . , ξk)). The action σ
π is the Gaussian action associated to π.
We have that ergodic properties which remain stable with respect to tensor
products tranfer from π to σπ.
Proposition 1.7. In particular, for a subgroup H ≤ Γ, σπ|H possesses any of the
following properties if and only if π|H does:
(1) weak mixing;
(2) mixing;
(3) stable spectral gap;
(4) being contained in a direct sum of copies of the left-regular representation;
(5) being weakly contained in the left-regular representation.
For Gaussian actions, stable properties are equivalent to their “non-stable” coun-
terparts. The following proposition serves as a prototype of such a result, showing
that ergodicity implies stable ergodicity, i.e., weak mixing.
Theorem 1.8. Γyσ
pi
(A, τ) is ergodic if and only if π is weakly mixing.
Proof. The reverse implication follows from Proposition 1.7. Conversely, suppose
there exists ξ ∈ H⊗2 such that for all γ ∈ Γ, π2γ(ξ) = ξ. Viewing ξ as a Hilbert-
Schmidt operator on H, let |ξ| = (ξξ∗)1/2. Since the map ξ⊗ η 7→ η⊗ ξ is the same
as taking the adjoint of the corresponding Hilbert-Schmidt operator, we have that
|ξ| ∈ H⊙2 and πγ(|ξ|) = |ξ|. By functional calculus, there exists λ > 0, such that
η = Eλ(|ξ|) 6= 0 is a finite rank operator. Hence, η = η11⊙η12+· · ·+ηn1⊙ηn2 ∈ H⊙2
with ηi1⊙ηi2 ⊥ ηj1⊙ηj2 for i 6= j. But then u =
∏n
i=1 u(ηi1, ηi2) ∈ A, a non-trivial
unitary and σπγ (u) = u. Hence, σ
π is not ergodic. 
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1.2. Cohomology of a representation & action. Let K be a real Hilbert space
and π : Γ→ O(K) an orthogonal representation of a countable discrete group Γ.
Definition 1.9. A cocycle is a map b : Γ → K satisfying the cocycle identity
b(γ1γ2) = πγ1b(γ2) + b(γ1), for all γ1, γ2 ∈ Γ. A cocycle is a coboundary is there
exists η ∈ K such that b(γ) = πγη − η, for all γ ∈ Γ.
It is a well-known fact (cf. [2]) that a cocycle b is a coboundary if and only
if supγ∈Γ ‖b(γ)‖ < ∞. Let Z1(Γ, π) and B1(Γ, π) denote, respectively, the vector
space of all cocycles and the subspace of coboundaries. The first cohomology
space H1(Γ, π) of the representation π is then defined to be Z1(Γ, π)/B1(Γ, π).
Let Γyσ (X,µ) be an ergodic, measure-preserving action on a standard proba-
bility space (X,µ), and let A be a Polish topological group.
Definition 1.10. A cocycle is a measurable map c : Γ × X → A satisfying the
cocycle identity c(γ1γ2, x) = c(γ1, σγ2(x))c(γ2, x), for all γ1, γ2 ∈ Γ, a.e. x ∈ X .
A pair of cocycles c1, c2 are cohomologous (written c1 ∼ c2) if there exists a
measurable map ξ : X → A such that ξ(σγ(x))c1(γ, x)ξ(x)−1 = c2(γ, x) for all
γ ∈ Γ, a.e. x ∈ X . A cocycle is a coboundary if it is cohomologous to the cocycle
which is identically 1.
Let Z1(Γ, σ,A) and B1(Γ, σ,A) denote, respectively, the space of all cocycles and
the subspace of coboundaries. The first cohomology space H1(Γ, σ,A) of the
action σ is defined to be Z1(Γ, σ,A)/ ∼. Note that if A is abelian, Z1(Γ, σ,A) is en-
dowed with a natural abelian group structure andH1(Γ, σ,A) = Z1(Γ, σ,A)/B1(Γ, σ,A).
To any homomorphism ρ : Γ → A we can associate a cocycle ρ˜ by ρ˜(γ, x) = ρ(γ).
Using terminology developed by Popa (cf. [36]), a cocycle c is said to untwist if
there exists a homomorphism ρ : Γ → A such that c is cohomologous to ρ˜. To
any cocycle c ∈ Z1(Γ, σ,A), we can associated two cocycles cℓ, cr ∈ Z1(Γ, σ × σ,A)
given by cℓ(γ, (x, y)) = c(γ, x) and cr(γ, (x, y)) = c(γ, y). It is easy to check that
c untwists only if cℓ is cohomologous to cr; if σ is weakly mixing, Theorem 3.1 in
[36] establishes the converse.
1.3. Closable derivations. We review here briefly some general properties of clos-
able derivations on a finite von Neumann algebra and set up some notation to be
used in the sequel. For a more detailed discussion see [12], [26], [27], or [24].
Definition 1.11. Let (N, τ) be a finite von Neumann algebra and H be an N -N
correspondence. A derivation δ is an unbounded operator δ : L2(N, τ)→ H such
that D(δ) is a ‖ · ‖2-dense ∗-subalgebra of N , and δ(xy) = xδ(y) + δ(x)y, for each
x, y ∈ D(δ). A derivation is closable if it is closable as an operator and real if H
has an antilinear involution J such that J (xξy) = y∗J (ξ)x∗, and J (δ(z)) = δ(z∗),
for each x, y ∈ N , ξ ∈ H, z ∈ D(δ).
If δ is a closable derivation then by [12] D(δ) ∩ N is again a ∗-subalgebra and
δ|D(δ∩N) is again a derivation. We will thus use the slight abuse of notation by
saying that δ is a closed derivation.
To every closed real derivation δ : N → H, we can associate a semigroup defor-
mation Φt = exp(−tδ∗δ), t > 0, and a resolvent deformation ζα = (α/(α+δ∗δ))1/2,
α > 0. Both of these deformations are of unital, symmetric, completely-positive
maps; moreover, the derivation δ can be recovered from these deformations [43, 44].
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We also have that the deformation Φt converges uniformly on (N)1 as t → 0 if
and only if the deformation ζα converges uniformly on (N)1 as α→∞.
Definition 1.12 (Definition 4.1 in [27]). Let (N, τ) be a finite von Neumann
algebra. N is L2-rigid if given any inclusion (N, τ) ⊂ (M, τ˜), and any closable real
derivation δ :M → H such that H when viewed as an N -N correspondence embeds
in (L2N⊗L2N)⊕∞, we then have that the associated deformation ζα converges
uniformly to the identity in ‖ · ‖2 on the unit ball of N .
We point out here that our definition above is formally stronger than the one
given in [27]. Specifically, there it was assumed that H embedded into the coarse
bimodule as anM -M bimodule rather than an N -N bimodule. However, this extra
condition was not used in [27], and since the above definition has better stability
properties (see Theorem 5.3) we have chosen to use the same terminology.
Examples of nonamenable groups which do not give rise to L2-rigid group von
Neumann algebras are groups such that the first ℓ2-Betti number is positive. These
are, in fact, the only known examples, and L2-rigidity should be viewed as a von
Neumann analog of vanishing first ℓ2-Betti number.
Showing that a group von Neumann algebra is L2-rigid can be quite difficult in
general since one has to consider derivations which may not be defined on the group
algebra. Nonetheless, there are certain situations where this can be verified.
Theorem 1.13 (Corollary 4.6 in [27]). Let Γ be a nonamenable countable discrete
group. If LΓ is weakly rigid, non-prime, or has property (Γ) of Murray and von
Neumann, then LΓ is L2-rigid.
We give another class of examples below (see also [23], [24], or [28]). The gap
between group von Neumann algebras which are known to be L2-rigid and groups
with vanishing first ℓ2-Betti number is, however, quite large. For example, as we
mentioned in the introduction, the wreath product Z ≀ F2 is a group which has
vanishing first ℓ2-Betti number but for which it is not known whether the group
von Neumann algebra is L2-rigid.
2. Deformations
In this section and Section 4 we will discuss the interplay between one-parameter
groups of automorphisms or, more generally, semigroups of completely-positive
maps of finite factors (deformations) and their infinitesimal generators (deriva-
tions). The motivation for studying deformations at the infinitesimal level is that
it allows for the creation of other related deformations of the algebra. And while
Popa’s deformation/rigidity machinery requires uniform convergence of the origi-
nal deformation on some target subalgebra, it is often more feasible to demonstrate
uniform convergence of a related deformation, then transfer those estimates back
the the original.
We begin by recalling Popa’s notion of an s-malleable deformation, and give
some examples of such deformations that have appeared in the literature.
Definition 2.1 (Definition 4.3 in [36]). Let (M, τ) be a finite von Neumann algebra
such that (M, τ) ⊂ (M˜, τ˜ ). A pair (α, β), consisting of a point-wise strongly con-
tinuous one-parameter family α : R→ Aut(M˜, τ˜ ) and an involution β ∈ Aut(M˜, τ˜)
is called a s-malleable deformation of M if:
(1) M ⊂ M˜β;
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(2) αt ◦ β = β ◦ α−t; and
(3) α1(M) ⊥M .
2.1. Popa’s deformation. The following deformation was used by Popa in [36]
to obtain cocycle superrigidity for generalized Bernoulli actions of property (T)
groups.
Let (A, τ) be a finite diffuse abelian von Neumann algebra and u, v ∈ A⊗ A be
generating Haar unitaries for A ⊗ 1, 1 ⊗ A ⊂ A ⊗ A, respectively. Set w = u∗v.
Choose h ∈ A ⊗ A self-adjoint such that exp(πih) = w, and let wt = exp(πith).
Since {w}′′ ⊥ A ⊗ 1, 1 ⊗ A, we have that for any t, wtu and wtv are again Haar
unitaries. Moreover, since w ∈ {wtu,wtv}′′, {wtu,wtv} is a pair of generating Haar
unitaries in A ⊗ A. Hence there is a well-defined one-parameter family α : R →
Aut(A⊗A, τ ⊗ τ) given by
αt(u) = w
tu, αt(v) = w
tv.
The family α, together with the automorphism β given by
β(u) = u, β(v) = u2v∗,
is seen to be an s-malleable deformation of A⊗ 1 ⊂ A⊗A.
Definition 2.2. Let (P, τ) be a finite von Neumann algebra and σ : Γ→ Aut(P, τ)
a Γ-action. Γ yσ (P, τ) is an s-malleable action if there exists an s-malleable
deformation (α, β) of (P, τ) such that β, αt commute with σγ⊗σγ for all t ∈ R, γ ∈
Γ.
For any countable discrete group there is a canonical example of an s-malleable
action, the Bernoulli shift. Let (A, τ) = (L∞(T, λ),
∫ ·dλ), (X,µ) = ∏g∈Γ(T, λ),
and (B, τ ′) =
⊗
γ∈Γ(A, τ). The Bernoulli shift is the natural action Γ y
σ (X,µ)
defined by shifting indices: σγ0((xγ)γ) = (xγ)γ0γ = (xγ−1
0
γ)γ . Defining
α˜t((x˜γ)γ) = (αt(x˜γ))γ
and
β˜((x˜γ)γ) = (β(x˜γ))γ ,
for (x˜γ)γ ∈ B˜ =
⊗
γ∈Γ(A ⊗ A) ∼= B ⊗ B, we see that (α˜, β˜) is an s-malleable
deformation of B which commutes with the Bernoulli Γ-action.
2.2. Ioana’s deformation. The deformation described below was first used by
Ioana [15] in the case when the base space is nonamenable, and later used by
Chifan and Ioana [6] in part to obtain solidity of L∞(X,µ)⋊σΓ, whenever LΓ solid
and Γ yσ (X,µ), the Bernoulli shift. Their deformation is inspired by the free
product deformation used in [16]. A similar deformation has also been previously
used by Voiculescu in [51].
Given a finite von Neumann algebra (B, τ), let B˜ = B ∗ L(Z). If u ∈ U(L(Z))
is a generating Haar unitary, choose an h ∈ L(Z) such that exp(πih) = u, and let
ut = exp(πith). Define the deformation α : R→ Aut(B˜, τ˜) by
αt = Ad(u
t).
Let β ∈ Aut(B˜, τ˜ ) be defined by
β|B = id and β(u) = u∗.
It is easy to check that (α, β) is a s-malleable deformation of B.
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If a countable discrete group Γ acts on a countable set S then we may consider
the generalized Bernoulli shift action of Γ on ⊗s∈SB given by σγ(⊗s∈Sbs) =
⊗s∈Sbγ−1s. We then have that ⊗s∈SB ⊂ ⊗s∈SB˜ and (⊗s∈Sα,⊗s∈Sβ) gives a
s-malleable deformation of ⊗s∈SB.
2.3. Malleable deformations of Gaussian actions. We will now construct the
canonical s-malleable deformation of a Gaussian action which is given in Section
4.3 of [17], and give an explicit description of its associated derivation. To begin,
let π : Γ → O(H) be an orthogonal representation, H˜ = H ⊕ H, and π˜ = π ⊕ π.
If σπ : Γ→ Aut(A, τ) is the Gaussian action associated with π, then the Gaussian
action associated to π˜ is naturally identified with the action σπ⊗σπ on A⊗A. Let
σ˜π = σπ ⊗ σπ.
Let J =
( 0 1
−1 0
)
, the operator which gives H˜ the structure of a complex
Hilbert space, and consider the one-parameter unitary group θt = exp(
πt
2 J). Since
θt commutes with π˜, there is a well-defined one-parameter group α : R→ Aut(A⊗
A, τ ⊗ τ) which commutes with σ˜π namely,
αt = σθt = Ad(exp(
πt
2
J)S).
Let ρ =
( 1 0
0 −1
)
, and observe ρ ◦ θ−t = θt ◦ ρ. Hence,
β = σρ = Ad(ρ
S)
conjugates αt and α−t. Finally notice that θ1(H ⊕ 0) = 0 ⊕ H, which gives
α1(A ⊗ 1) = 1 ⊗ A. The pair (α, β) is, thusly, an s-malleable deformation of
the action σπ.
Let T ∈ B(H˜) be skew-adjoint. Associate to T the unbounded skew-adjoint
operator ∂(T ) on S(H) defined by
∂(T )(Ω) = 0, ∂(T )(ξ1 . . . ξn) =
n∑
i=1
ξ1 . . . T (ξi) . . . ξn.
We have that if U(t) = exp(tT ) ∈ O(H), then
lim
t→0
U(t)S − I
t
= ∂(T ).
Let δ : A⊗A→ L2(A⊗A) be the derivation defined by
δ(x) = [x, ∂(T )] = lim
t→0
σU(t)(x)− x
t
.
Taking T to be the operator J defined above, gives us the derivation which is the
infinitesimal generator of the s-malleable deformation of the Gaussian action de-
scribed in this section. From the relation δ(·) = [ · , ∂(J)], we see that the ∗-algebra
generated by the operators s(ξ) forms a core for δ.
Letting δ0 = δ|A⊗1, we have that
Φt = exp(−tδ∗0δ0) = exp(−tEA⊗1 ◦ δ∗δ) = exp(tEA⊗1 ◦ δ2).
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We compute
EA⊗1 ◦ δ2(s(ξ1) . . . s(ξk)) = −k s(ξ1) . . . s(ξk).
Hence,
Φt(s(ξ1) . . . s(ξk)) = (1− e−kt)s(Ω) + e−kts(ξ1) . . . s(ξk).
3. Cohomology of Gaussian actions
In this section, we obtain Theorem 0.1 and its corollary. We do so by using a
construction (cf. [19], [25], [46]) which, given an orthogonal representation and a
cocycle, produces a T-valued cocycles for the associated Gaussian action. We then
show that these cocycles do not untwist by applying the above deformation.
Let b : Γ → H be a cocycle for an orthogonal representation π : Γ → O(H)
and Γ yσ (A, τ) = (L∞(X,µ),
∫ · dµ) be the Gaussian action associated to π, as
described in section 1.1. Viewing H as a subset of L2
R
(X,µ), Parthasarathy and
Schmidt in [25] constructed the cocycle c : Γ×X → T by the rule
c(γ, x) = exp(ib(γ−1))(x).
We write ωγ for the element of U(L∞(X,µ)) given by ωγ(x) = c(γ, γ−1x). The
cocycle identity for c then transforms to the formula ωγ1γ2 = ωγ1σγ1(ωγ2), for all
γ1, γ2 ∈ Γ. Moreover, c is cohomologous to a homomorphism if and only if there is
a unitary element u ∈ U(L∞(X,µ)) such that γ 7→ uωγσγ(u∗) is a homomorphism,
i.e., each uωγσγ(u
∗) is fixed by the action of the group.
A routine calculation shows that τ(ωγ) =
∫
c(γ, x)dµ(x) = exp(−‖b(γ)‖2/2).
In particular, this shows that the representation associated to the positive-definite
function ϕ(γ) = exp(−‖b(γ)‖2/2) is naturally isomorphic to the twisted Gaussian
action ωγσγ .
Theorem 3.1. Using the notation above, if π : Γ→ O(H) is weak mixing, (so that
σ is ergodic) and if b is an unbounded cocycle, then c does not untwist.
Proof. Since σ is ergodic, if c were to untwist then there would exist some u ∈ U(A)
such that uωγσγ(u) ∈ T, for all γ ∈ Γ. It would then follow that any deformation
of A which commutes with the action of Γ must converge uniformly on the set
{ωγ | γ ∈ Γ}. Indeed, this is just a consequence of the fact that completely positive
deformations become asymptotically A-bimodular.
However, if we apply the deformation αt from Section 2.3 then we can compute
〈α2t/π(ωγ ⊗ 1), ωγ ⊗ 1〉
= 〈exp(i(cos t)b(γ−1))⊗ exp(−i(sin t)b(γ−1)), exp(ib(γ−1))⊗ 1〉
= exp((1 − cos t)2‖b(γ)‖2/2 + (sin2 t)‖b(γ)‖2/2)
= exp(−(1− cos t)‖b(γ)‖2)
This will converge uniformly for γ ∈ Γ if and only if the cocycle b is bounded
and hence the result follows. 
Corollary 3.2. The exponentiation map described above induces an injective ho-
momorphism H1(Γ, π) → H1(Γ, σ,T)/χ(Γ), where χ(Γ) is the character group of
Γ.
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Proof. It is easy to see that if two cocycles in Z1(Γ, π) are cohomologous then the
resulting cocycles for the Gaussian action will also be cohomologous. This shows
that the map described above is well defined.
The above theorem, together with the fact that this map is a homomorphism,
shows that this map is injective. 
Since a nonamenable group has vanishing first ℓ2-Betti number if and only if it
has vanishing first cohomology into its left regular representation [3], [29], we derive
the following corollary.
Corollary 3.3. Let Γ be a nonamenable countable discrete group, and let Γ yσ
(X,µ) be the Bernoulli shift action. If β
(2)
1 (Γ) 6= 0 then H1(Γ, σ,T) 6= χ(Γ), where
χ(Γ) is the group of characters. In particular, Γ yσ (X,µ) is not Ufin-cocycle
superrigid.
4. Derivations
In this section we continue our investigation of deformations, but this time on
the infinitesimal level.
4.1. Derivations from s-malleable deformations. Let (M, τ) be a finite von
Neumann algebra, and let α : R → Aut(M, τ) be a point-wise strongly continuous
one-parameter group of automorphisms. Let δ be the infinitesimal generator of α,
i.e., exp(tδ) = αt. For f ∈ L1(R) define the bounded operator αf :M →M by
αf (x) =
∫ ∞
−∞
f(s)αs(x)ds.
It can be checked that if f ∈ C1(R) ∩ L1(R) and f ′ ∈ L1(R), then
δ ◦ αf (x) = −αf ′(x).
Also if x ∈M ∩D(δ), then we have that
αt(x) − x =
∫ t
0
δ ◦ αs(x)ds =
∫ t
0
αs(δ(x))ds.
Theorem 4.1. Suppose that for every ε > 0, there exists f ∈ C1(R) ∩ L1(R) such
that f ′ ∈ L1(R) and supx∈(M)1 ‖αf (x) − x‖2 ≤ ε/4. Then αt converges ‖ · ‖2-
uniformly to the identity on (M)1 as t→ 0.
Proof. We need only show for every ε > 0 that there exists some η > 0 such
that for all t < η, supx∈(M)1 ‖αt(x) − x‖2 ≤ ε. Let x˜ = αf (x). We have that
‖αt(x) − x‖2 ≤ ‖αt(x˜) − x˜‖2 + ε/2. Since δ ◦ αf is defined everywhere, δ ◦ αf :
M → L2(M, τ) is bounded. In fact, ‖δ ◦ αf‖ ≤ ‖f ′‖L1 . Now, since x˜ ∈ D(δ),
we have αt(x˜) − x˜ =
∫ t
0
αs(δ(x˜))ds. Hence ‖αt(x˜) − x˜‖2 ≤ t‖f ′‖L1. Choosing
η = ε(2‖f ′‖L1)−1 does the job. 
Corollary 4.2. If ϕt = exp(−tδ∗δ) converges uniformly to the identity as t → 0,
then so does αt.
Proof. Let ft(s) =
1√
4πt
exp(−s2/4t); then, ϕt(x) =
∫∞
−∞ ft(s)αs(x)ds follows by
completing the square. 
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4.2. Tensor products of derivations. We describe here the notion of a tensor
product of derivations; see also Section 6 of [27].
Consider Ni, i ∈ I a family of finite von Neumann algebras with normal faithful
traces τi. If δi : Ni → Hi is a family of closable real derivations into Hilbert
bimodules Hi with domains D(δi) then we may consider the dense ∗-subalgebra
D(δ) = ⊗algi∈ID(δi) ⊂ N = ⊗i∈INi.
We denote by Nˆj the tensor product of the Ni’s obtained by omitting the jth
index so that we have a natural identification N = Nˆj⊗Nj for each j ∈ I. Let
H =⊕j∈I Hj⊗L2(Nˆj) which is naturally a Hilbert bimodule because of the iden-
tification N = Nˆj⊗Nj .
The tensor product of the derivations δi, i ∈ I is defined to be the derivation
δ =
⊗
i∈I δi : D(δ)→ H which satisfies
δ(⊗i∈Ixi) =
⊕
j∈I
(δj(xj)⊗i∈I,i6=j xi).
This is well defined as only finitely many of the xi’s are not equal to 1 and hence
the right hand side is a finite sum.
If Φti = exp(−tδ∗i δi) is the semigroup deformation associated to δi then one easily
checks that the semigroup deformation associated to δ is Φt =
⊗
i∈I Φ
t
i : N → N .
A similar formula holds for the resolvent deformation. Note that by viewing the
Hilbert bimodule associated with Φt and using the usual “averaging trick” (e.g.
Theorem 4.2 in [30]) it follows that Φt will converge uniformly in ‖ · ‖2 to the
identity on (N)1 if and only if each Φ
i
t converges uniformly in ‖ · ‖2 to the identity
on (Ni)1 and moreover this convergence is uniform in i ∈ I.
4.3. Derivations from generalized Bernoulli shifts. We use here the notation
in Section 1.1 above. Given a real Hilbert space H, we consider the new Hilbert
space H′ = RΩ0 ⊕ H. If ξ ∈ H is a non-zero element we denote by Pξ the rank
one projection onto ξ. We denote by H˜ the tensor product (complex) Hilbert space
H⊗S(H′)
Let N ∈ N ∪ {∞} be the dimension of H and consider an orthonormal basis
β = {ξn}Ni=1 for H. We then define a left action of A, the von Neumann algebra
generated by the spectral projections of s(ξ), ξ ∈ H, on H˜ such that for each ξ ∈ H,
s(ξ) acts on the left (as an unbounded operator) by
ℓβ(s(ξ)) = id⊗ s(ξ).
We also define a right action of A on H˜ such that for each ξ ∈ H, s(ξ) acts on the
right by extending linearly the formula
(1) rβ(s(ξ))(ξn ⊗ η) = Pξn(ξ)⊗ S(Ω0)η + ξn ⊗ s(ξ − Pξn(ξ))η,
for each 1 ≤ n ≤ N, η ∈ S(H′).
These formulas define unbounded self-adjoint operators on H˜ in general; however,
by functional calculus they extend to give commuting normal actions of A on H˜.
Moreover, if T ∈ O(H) ⊂ O(H′), then we have that for any ξ ∈ H
ℓTβ(s(Tξ)) = ℓTβ(σT (s(ξ))) = Ad(T ⊗ TS)ℓβ(s(ξ)).
Also,
rTβ(s(Tξ)) = rTβ(σT (s(ξ))) = Ad(T ⊗ TS)(rβ(s(ξ))).
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From here on we will denote the left action of A on H˜ by ℓβ(a)x = a ·β x and the
right action by rβ(a)x = x ·β a. By extending the formulas above to A we have the
following lemma.
Lemma 4.3. Using the notation above, consider the inclusion O(H) ⊂ U(H˜) given
by T 7→ T˜ = T ⊗ TS. Then for each T ∈ O(H), x, y ∈ A, and ξ˜ ∈ H˜, we have
T˜ (x ·β ξ˜ ·β y) = σT (x) ·Tβ (T˜ ξ˜) ·Tβ σT (y).
Remark 4.4. While we will not use this in the sequel, an alternate way to view
the A-A Hilbert bimodule structure on H˜ is as follows. Given our basis β =
{ξn}Nn=1 ⊂ H, consider the probability space (X,µ) = Πn(R, g) where g is the
Gaussian measure on R. We can identify A = L∞(X,µ), and we denote by πn ∈
L2(X,µ) the projection onto the nth copy of (R, g) so that the πn’s are I.I.D.
Gaussian random variables.
We embed H into L2(X,µ) linearly by the map η such that η(ξn) = πn given
an orthogonal transformation T ∈ O(H), we associate to T the unique measure-
preserving automorphism σT ∈ Aut(A) such that σT (η(ξ)) = η(Tξ), for all ξ ∈ H.
For each k we denote by
Ak = (
⊗
n<k
L∞(R, g))⊗ (L∞(R, g)⊗ L∞(R, g))⊗ (
⊗
n>k
L∞(R, g)),
and we view L2(Ak) as an A-A bimodule so that
(⊗nan) · x = (
⊗
n<k
an ⊗ (ak ⊗ 1)⊗
⊗
n>k
an)x
and
x · (⊗nan) = x(
⊗
n<k
an ⊗ (1⊗ ak)⊗
⊗
n>k
an),
for x ∈ L2(Ak).
Consider the A-A Hilbert bimodule
⊕
k L
2(Ak), and note that it is canonically
identified with the Hilbert space H⊗L2(A1) ∼= H⊗L2(R, g)⊗L2(A) ∼= H˜ in a way
which preserves the A-A bimodule structure. Under this identification the inclusion
O(H) ⊂ U(H⊗ L2(R, g)⊗ L2(A)) becomes T 7→ T ⊗ id⊗ σT .
We now consider the algebra A0 ⊂ L2(A) of square summable operators gener-
ated by s(ξ), ξ ∈ H, and define a derivation δβ on A0 by setting
δβ(s(ξ)) = ξ ⊗ Ω ∈ H˜,
for each ξ ∈ H. Note that the formula for δβ(s(ξ)) does not depend on the basis
β, but the bimodule structure that we are imposing on H does depend on β. If
ξ0, ξ1, . . . , ξk ∈ β such that ξ0 is orthogonal to the vectors ξ1, . . . , ξk then it follows
that δβ(s(ξ1) · · · s(ξk)) is a s(ξ0)-central vector and hence by induction on k it
follows that δβ is well defined. Also, since δβ extends to a bounded operator on
sp{s(ξ1) · · · s(ξk) | ξ1, . . . , ξk ∈ H} for each k it follows that δβ is a closable operator
and if we still denote by δβ the closure of this operator we have that x 7→ ‖δβ(x)‖2
is a quantum Dirichlet form on L2(A) (see [12, 43, 44]).
In particular, it follows from [12] that D(δβ) ∩A is a weakly dense ∗-subalgebra
and δβ |D(δβ)∩A is a derivation.
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Note that if we identify H˜ with⊕k L2(Ak) as above then δβ can also be viewed as
the tensor product derivation δβ =
⊗
k δk where δk : L
2(R, g)→ L2(R, g)⊗L2(R, g)
is the difference quotient derivation for each k, i.e., δk(f)(x, y) =
f(x)−f(y)
x−y .
Lemma 4.5. Using the above notation, δβ is a densely defined closed real deriva-
tion, s(H) ⊂ D(δβ), δβ ◦ s : H → H˜ is an isometry, and for all T ∈ O(H),
σT (D(δβ)) = D(δTβ), and δTβ(σT (a)) = T˜ (δβ(a)), for all a ∈ D(δβ).
Proof. The fact that s(H) ⊂ D(δβ), and that δβ ◦ s is an isometry follows from the
formula δβ(s(ξ)) = ξ ⊗ Ω above.
Moreover for ξ ∈ H we have
δTβ(σT (s(ξ))) = Tξ ⊗ Ω
= (T ⊗ TS)(ξ ⊗ Ω) = T˜ δβ(s(ξ)).
By Lemma 4.3 this formula then extends to A0, and since T˜ acts on H˜ unitarily
and A0 is a core for δβ we have that σT (D(δβ)) = D(δTβ) and this formula remains
valid for a ∈ D(δβ). 
Given an action of a countable discrete group Γ on a countable set S we may
consider the generalized Bernoulli shift action of Γ on (X,µ) = Πs∈S(R, g) given
by γ(rs)s∈S = (rγ−1s)s∈S . If we set H = ℓ2S and consider the corresponding
representation π : Γ→ U(H) then the generalized Bernoulli shift can be viewed as
the Gaussian action corresponding to π. Moreover we have that the canonical basis
β = {δs}s∈S is invariant to the representation, i.e., πγβ = β, for all γ ∈ Γ.
In this case by Lemma 4.5 we have that D(δβ) is σγ invariant for all γ ∈ Γ and
δβ(σγ(a)) = π˜γ(δβ(a)), for all γ ∈ Γ, a ∈ D(δβ), where π˜ : Γ→ U(H˜) is the unitary
representation given by π˜ = π⊗ πS. If we denote by N = A⋊Γ the corresponding
group-measure space construction then using Lemma 4.3 we may define an N -N
Hilbert bimodule structure on K = H˜ ⊗ ℓ2Γ which satisfies
(auγ1)(ξ ⊗ δγ0)(buγ2) = (a ·β (π˜γ1ξ) ·β σγ1γ0(b))⊗ δγ1γ0γ2,
for all a, b ∈ A, γ0, γ1, γ2 ∈ Γ, and ξ ∈ H˜. We may then extend δβ to a closable
derivation δ : ∗-Alg(D(δβ) ∩ A,Γ) → K such that δ(auγ) = δβ(a) ⊗ uγ , for all
a ∈ D(δβ), γ ∈ Γ.
As above we denote by ζα : N → N the unital, symmetric, c.p. resolvent maps
given by ζα = (α/(α+ δ
∗δ))1/2, for α > 0.
Note that if M is a finite von Neumann algebra then we let Γ act on M trivially
and we may extend the derivation δ to (A⊗M) ⋊ Γ ∼= (A ⋊ Γ)⊗M by considering
the tensor product derivation of δ with the trivial derivation (identically 0) on M .
In this case the corresponding deformation of resolvent maps is just ζα ⊗ id.
Lemma 4.6. Consider Ioana’s deformation αt on A corresponding to generalized
Bernoulli shift as described above in Section 2.2. If M is a finite von Neumann
algebra and B ⊂ (A⊗M) ⋊ Γ is a subalgebra such that ζα converges uniformly to
the identity on (B)1 as α→ 0 then αt converges uniformly to the identity on (B)1
as t→ 0.
Proof. The infinitesimal generator of Ioana’s deformation cannot be identified with
δ as the αt’s will converge uniformly on the algebra generated by s(ξ) for each
ξ ∈ β, and ζα will not have this property. However, it is not hard to check using
the fact that both derivations arise as tensor product derivations that if ζ0α are the
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resolvent maps corresponding to the infinitesimal generator of αt then we have the
inequality τ(ζα(a)a
∗) ≤ 2τ(ζ0α(a)a∗), for all a ∈ A. Hence the lemma follows from
Lemma 2.1 in [27] and Corollary 4.2 above. 
Remark 4.7. It can be shown in fact that the deformation coming from the deriva-
tion above, Ioana’s deformation, and the s-malleable deformation from the Gaussian
action, are successively weaker deformations. That is to say that one deformation
converging uniformly on a subset of the unit ball implies that the next deformation
must also converge uniformly.
When we restrict the bimodule structure on K to the subalgebra LΓ we see that
this is exactly the bimodule structure coming from the representation π˜ = π⊗ πS,
this give rise to the following lemma:
Lemma 4.8. Using the notation above, given H < Γ we have the following:
1. LHKLH embeds into a direct sum of coarse bimodules if and only if π|H embeds
into a direct sum of left regular representations.
2. LHKLH weakly embeds into a direct sum of coarse bimodules if and only if
π|H weakly embeds into a direct sum of left regular representations.
3. LHKLH has stable spectral gap if and only if π|H has stable spectral gap.
4. LHKLH is a compact correspondence if and only if π|H is a c0-representation.
5. LHKLH is weakly mixing if and only if π|H is weakly mixing.
5. L2-rigidity and Ufin-cocycle superrigidity
In this section we use the tools developed above to prove Ufin-cocycle superrigid-
ity for the Bernoulli shift action which we view as the Gaussian action corresponding
to the left-regular representation.
To prove that a cocycle untwists we use the same general setup as Popa in [36].
In particular, we use the fact that for a weakly-mixing action, in order to show
that a cocycle untwists it is enough to show that the corresponding s-malleable de-
formation converges uniformly on the “twisted” subalgebra of the crossed product
algebra. The main difference in our approach is that to show that the s-malleable
deformation converges uniformly it is enough by Lemma 4.6 to show that the defor-
mation coming from the Bernoulli shift derivation converges uniformly. This allows
us to use the techniques developed in [26], [27], [24], and [28] to analyze the cocycle
on the level of the base space itself rather than the exponential of the space where
the properties can be somewhat hidden.
Theorem 5.1. Let Γ be a countable discrete group. If LΓ is L2-rigid then the
Bernoulli shift action with diffuse core of Γ is Ufin-cocycle superrigid.
Proof. Let G ∈ Ufin, then G ⊂ U(M) as a closed subgroup where M is a finite
separable von Neumann algebra. Let c : Γ ×X → G be a cocycle where X is the
probability space of the Gaussian action. Consider A = L∞(X), and ω : Γ →
U(A⊗M) given by ωγ(x) = c(γ, γ−1x) the corresponding unitary cocycle for the
action σ˜γ = σγ ⊗ id. Note that ωγ1γ2 = ωγ1 σ˜γ1(ωγ2), for all γ1, γ2 ∈ Γ. Here we
view a unitary element in A⊗M as map from X to U(M) (see [36] for a detailed
explanation).
As noted above, the Bernoulli shift action with diffuse core is precisely the
Gaussian action corresponding to the left-regular representation; hence, by Lemma
4.8 we have that as an LΓ-LΓ Hilbert bimodule K embeds into a direct sum of
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coarse correspondences. If we denote by L˜Γ the von Neumann algebra gener-
ated by {u˜γ} = {ωγuγ} then the bimodule structure of L˜Γ (∼= LΓ) on K is the
same as the bimodule structure of LΓ on the correspondence coming from the
representation γ 7→ Ad(ωγ) ◦ π˜γ on H˜ ⊗ L2M . The A⊗M bimodule structure
on H˜ ⊗ L2M = H ⊗ S(H′) ⊗ L2M decomposes as a direct sum of bimodules
H ⊗ S(H′) ⊗ L2M = ⊕ξ∈βS(H′) ⊗ L2M where the bimodule structure on each
copy of S(H′) ⊗ L2M is given by Equation (1), and under this decomposition we
have Ad(ωγ) ◦ π˜γ = πγ ⊗ (Ad(ωγ) ◦ πSγ ). Therefore by Fell’s absorption principle
this representation is an infinite direct sum of left-regular representations; hence,
we have that K also embeds into a direct sum of coarse correspondences when K is
viewed as an L˜Γ-L˜Γ Hilbert bimodule.
Since LΓ is L2-rigid we have that the corresponding deformation ζα converges
uniformly to the identity map on (L˜Γ)1, by Lemma 4.6 we have that a corresponding
s-malleable deformation also converges uniformly to the identity on (L˜Γ)1. Thus,
by Theorem 3.2 in [36] the cocycle ω is cohomologous to a homomorphism. 
We end this paper with some examples of groups for which the hypothesis of the
Theorem 5.1 is satisfied.
It follows from [27] that if N is a nonamenable II1 factor which is non-prime,
has property (Γ), or is w-rigid, then N is L2-rigid. We include here another class of
L2-rigid finite von Neumann algebras, this class includes the group von Neumann
algebras of all generalized wreath product groups A0 ≀X Γ0 where A0 is an infinite
abelian group and Γ0 does not have the Haagerup property, or Γ0 is a non-amenable
direct products of infinite groups. This is a special case of a more general result
which can be found in [28].
Theorem 5.2. Let Γ be a countable discrete group which contains an infinite nor-
mal abelian subgroup and either does not have the Haagerup property or contains
an infinite subgroup Γ0 such that LΓ0 is L
2-rigid, then LΓ is L2-rigid.
Proof. We will use the same notation as in [27]. Suppose (M, τ) is a finite von
Neumann algebra with LΓ ⊂ M , and δ : M → L2M⊗L2M is a densely defined
closable real derivation.
Since the maps ηα converge point-wise to the identity we may take an appropriate
sequence αn such that the map φ : Γ → R given by φ(γ) = Σn1 − τ(ηαn(uγ)u∗γ)
is well defined. If the deformation ηα does not converge uniformly on any infinite
subset of Γ then the map φ is not bounded on any infinite subset and hence defines
a proper, conditionally negative-definite function on Γ showing that Γ has the
Haagerup property.
Therefore if Γ does not have the Haagerup property then there must exist an
infinite set X ⊂ Γ on which the deformation ηα converges uniformly. Similarly, if
Γ0 ⊂ Γ is an infinite subgroup such that LΓ0 is L2-rigid then we have that the
deformation ηα converges uniformly on the infinite set X = Γ0.
Let A ⊂ Γ be an infinite normal abelian subgroup. If there exists an a ∈ A
such that aX = {xax−1|x ∈ X} is infinite, then we have that the deformation ηα
converges uniformly on this set, and by applying the results in [27] it follows that ηα
converges uniformly on A ⊂ L(A). Since A is a subgroup in U(LA) which generates
LA it then follows that ηα converges uniformly on (LA)1 and hence also on (LΓ)1
since A is normal in Γ.
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If a ∈ A and aX is finite then there exists an infinite sequence γn ∈ X−1X
such that [γn, x] = e, for each n. Thus if a
X is finite for each a ∈ A then by
taking a diagonal subsequence we construct a new sequence γn ∈ X−1X such that
limn→∞[γn, a] = e. Since ηα also converges uniformly on X−1X we may again
apply the results in [27] to conclude that ηα converges uniformly on A and hence
on (LΓ)1 as above. 
It has been pointed out to us by Adrian Ioana that in light of Corollary 1.3
in [7] the above argument is sufficient to show that for a lattice Γ in a connected
Lie group which does not have the Haagerup property, we must have that LΓ is
L2-rigid.
We also show that L2-rigidity is stable under orbit equivalence. The proof of
this uses the diagonal embedding argument of Popa and Vaes [41].
Theorem 5.3. Let Γi y (Xi, µi) be free ergodic measure preserving actions for
i = 1, 2. If the two actions are orbit equivalent and LΓ1 is L
2-rigid then LΓ2 is
also L2-rigid.
Proof. Suppose LΓ2 ⊂ M and δ : M → H is a closable real derivation such that
H as an LΓ2 bimodule embeds into a direct sum of coarse bimodules. Let N =
L∞(X1, µ1) ⋊ LΓ1 = L∞(X2, µ2) ⋊ LΓ2 and consider the N⊗M bimodule H˜ =
L2N⊗H. If we embed N into N⊗M by the linear map α which satisfies α(auγ) =
auγ⊗uγ for all a ∈ L∞(X2, µ2), and γ ∈ Γ2, then when we consider the α(N)-α(N)
bimodule H˜ we see that this bimodule is contained in a direct sum of the bimodule
L2〈α(N), α(L∞(X1, µ1))〉 coming from the basic construction of (α(L∞(X,µ)) ⊂
α(N)). Indeed, this follows because the completely positive maps corresponding to
left and right bounded vectors of the form 1 ⊗ ξ ∈ L2N⊗H are easily seen to live
in L2〈α(N), α(L∞(X1, µ1))〉.
The α(N)-α(N) bimodule L2〈α(N), α(L∞(X1, µ1))〉 is an orbit equivalence in-
variant and is canonically isomorphic to the bimodule coming from the left regular
representation of Γ1 (see for example Section 1.1.4 in [32]). It therefore follows
that H˜ when viewed as an α(LΓ1) bimodule embeds into a direct sum of coarse
bimodules.
We consider the closable derivation 0⊗ δ : N⊗M → H˜ as defined in Section 4.2
and use the fact that LΓ1 is L
2-rigid to conclude that the corresponding deformation
id⊗ηα converges uniformly on the unit ball of α(N), (note that id⊗ηα is the identity
on α(L∞(X1, µ1)) = α(L∞(X2, µ2))). In particular, id⊗ηα converges uniformly on
{α(uγ) | γ ∈ Γ2} which shows that ηα converges uniformly on {uγ | γ ∈ Γ2}. As this
is a group which generates LΓ2 we may then use a standard averaging argument
to conclude that ηα converges uniformly on the unit ball of LΓ2, (see for example
Theorem 4.1.7 in [30]). 
Remark 5.4. The above argument will also work to show that the “L2-Haagerup
property” (see [27]) is preserved by orbit equivalence. In particular, this gives a new
way to show that the von Neumann algebras of groups which are orbit equivalent
to free groups are solid in the sense of Ozawa [22]. Solidity of group von Neumann
algebras for groups which are orbit equivalent to free groups was first shown by
Sako in [42].
We also note that by [11] any group which is orbit equivalent to a free group
will have the complete metric approximation property. It will no doubt follow by
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using the techniques in [24] that the von Neumann algebra of a group which is orbit
equivalent to a free group will be strongly solid.
Examples of groups which are orbit equivalent to a free group can be found in
[18], and [4].
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